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centered expansion fan which occurs at the edge of the jet
shock. It is known that this centered expansion fan is the prin-
cipal factor in determining the structure of the near wall jet. 9

A Further Experimental Observation
As well as shock heights, the radial location, RT, of the

triple point was measured from the schlieren pictures. It was
found that the value of RT varied linearly with yNP but was
curiously insensitive to the overexpansion ratio, pa/PN-
Figure 2 shows the results obtained with three different nozzle
exit Mach numbers. These results do not mean that the shock
structure is invariant with pa/pN. Indeed the jet shock angle
increases as pa /pN increases and A 7- must also increase in or-
der to preserve a constant value of RT. Even more sur-
prisingly, in each case, the line through the experimental
points of Fig. 2 makes an angle with theyNP axis which equals
the Mach angle, p,N, in the exit plane. It can also be seen that
each of the lines pass through the point yNP = 0. 75,
RT = 0.845RN, thus enabling the entire set of results for RT to
be represented by the expression

RT = (0.845 + 0. v )RN -

From this, an expression for the triple point height A r can be
obtained. The jet shock angle changes slightly as it is
propagated downstream but can be well represented by the
arithmetic mean of its values at the nozzle lip ((3N ) and at the
triple point ((3T). Elementary geometry and the above
equation then lead to the expression

-0.

wherej3s=0.5(/3yv +'0r)- In many cases, it will be sufficient to

No physical explanation is offered for this curious collap-
sing of the data. Indeed, it may have no physical significance.
However, it is a little easier to see what is happening if one ob-
serves that, if A/- were independent of y/vp9 then the lines for
RT would make an angle with the yNP axis equal to the shock
angle: the fact that the angle IJLN occurs instead is due to the in-
crease of A T with yNP which can be seen in Fig. 1.

Conclusions
The BGS method is not satisfactory for impinging overex-

panded jets. The most likely reason for this being the neglect
of the tail shock flow. Simple empirical expressions have been
obtained for radial and axial locations of the triple point for-
med by the intersection of the plate shock with the jet shock.
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Attitude Control of Spinning Spacecraft
by Radiation Pressure
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Indian Institute of Technology, Kanpur, India
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Nomenclature
= control plate area and moment arm, respectively,

/=1,2
= moments of inertia of the satellite about the sym-

metry and transverse axes, respectively
= center of the Earth
= center of mass of the satellite
= unit vectors along x,y, and z axes, respectively
= unit vector along plate normal, / = 1,2
= solar radiation pressure, 4.65 x 10 ~6 N/m2

=unit vector in the direction of the sun,

=cos acos0 + sinacos/sin0
- - (cosa sin0 — sincr cos/ cos<£ ) cos0 — sina sin/ sin0
= (cosa sin0 — sina cos/ cos</> ) sin0 — sina sin/ cos0
= reflectivity of control surface
= angular velocity of satellite, uxi + uyj
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Introduction

THE concept of using solar radiation pressure for attitude
control of spinning spacecraft is well recognized. Several

authors M have considered passive orientation of the spin-axis
along the sun-satellite line employing such devices as a body-
fixed corner mirror array, spring-mounted solar paddles, etc.
Libration damping and attitude control in an orbiting refer-
ence frame were studied by Modi and Pande5 for the case of
satellites with very low spin rates. The authors suggested a
semipassive solar controller consisting of several sets of
rotatable control surfaces. Pande et al.6 applied a similar ap-
proach to the time-optimal pitch control of an unsymmetrical
satellite.

The general problem of imparting any inertially fixed orien-
tation to the spacecraft spin-axis by means of solar radiation
pressure, however, remains virtually unexplored. On the other
hand, such a capability would represent a relatively inex-
pensive method of satellite acquisition in the desired attitude
subsequent to orbital injection. Furthermore, it would also
enable a satellite to undertake a multiple mission wherein
several different space orientations may be desired over a
period of time.

The present objective is to develop a solar pressure control
system capable of providing any inertially fixed attitude to the
spacecraft spin-axis. A controller configuration employing
two mirror-like surfaces is considered and a general control
law leading to asymptotic stability of the system is derived.
The performance capability of the controller is examined in
conjunction with a simple but practical control strategy.

Formulation of the Problem
The geometry of the orbital and attitude motion of an

axisymmetric satellite is shown in Fig. 1. With reference to the
inertial frame x0> y0, ZQ, the spatial orientation of the axis of
symmetry is completely specified by two successive Eulerian
rotations 0 and 0, referred to as the azimuth and the elevation
angle, respectively. The satellite spins in the principal axis
frame x,y,z with angular velocity \j/.

The proposed solar controller consists of two light, highly
reflective plates P/ and P2 which may be rotated about the
axis of symmetry of the satellite. The rotations j8 / ( /= l ,2 ) ,
measured from the x-axis, may be suitably maneuvered to
vary the solar radiation torque controlling the spin-axis orien-
tation. In order to avoid any mutual cancellation of the
moments due to the two control plates, only one of them

Orbital Plane

operates at a given time. The nonoperative plate may be tur-
ned "off" by maintaining it parallel to the sun-line. The con-
trol U identifies the active and the nonactive plates. U= + 1
implies that the control surface P/ is "on" and P2 is "off,"
while U= - 1 indicates the opposite.

The determination of the radiation torque about the
satellite center of mass is straightforward.5 For control sur-
faces of high reflectivity, it is found to be

M=U(2ppAiti) lcos£/lcos£/(cos/3/+sin/3//)

where

cos£, = -W

(1)

(2)

The equations governing the satellite attitude in the pre-
sence of the radiation torque may be obtained using the
Lagrangian formulation in conjunction with the principle of
virtual work. The \l/ degree of freedom, being cyclic, leads to
the constancy of the spin rate coz . The equations of motion for
the elevation 6 and the azimuth </> finally take the form:

I((6-j>2smO cose)

x I -uxs'm(3l ;+u -wxsin/3, +w>,cos,3/)cos/3/ (3a)

1 COS0) -/50^0

x I -uxs'm(3j + uycos@i\ ( -uxsm(3j + uycos/3/)sin/3, (3b)

These nonlinear coupled equations, in general, do not
possess a known closed-form solution. One is, therefore,
forced to resort to a numerical approach to gain some ap-
preciation as to the system behavior.

Control Synthesis
The objective of the controller is to drive the spacecraft

spin-axis from an initial attitude 60, c/>0 to the desired attitude
6d, <$>d. A time-history U= U(t), 0, =/3/ (0 accomplishing this
would represent an open-loop system. On the other hand, a
control law sensitive to the present attitude 6,<f> would be self-
correcting to any disturbances during the control process. To
achieve a closed-loop realization for the system, the asymp-
totic stability criterion for the error angular momentum7'8 is
applied here.

Letting // and Hd represent the angular momentum in the
present and the desired state, the error is given by

E = H-Hd (4)

Noting that dHldt~M\ and dffd/dt = Q for an inertially fixed
desired orientation, the condition for asymptotic decay of E2

may be expressed as

dE2/dt=2E-M<0

Substituting for //and Hd in Eq. (4) gives

= It

(5)

(6)

Fig. 1 Geometry of orbital and attitude motion of axisymmetric
spinning satellite.

where kd is the unit vector along the desired spin-axis orien-
tation.

Expressing kd in terms of components along i,j,kin Eq.(6)
and using Eq. (1), the product E-M may be formed. On sub-
stituting the kinematic relations for cov, cov, and a;-,, the
resulting expression is found to be very complicated. At this
stage, it is useful to assume that w v , w v < < < j j , . This is
equivalent to ignoring the transverse components in Eq. (6). It
is apparent that the assumption remains valid except when k
is very close to kd, a condition representing the termination
of the control process.,The criterion [Eq. (5)] subsequent to
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further algebraic manipulations leads to

t = U(ppAieiIsuz) l - w v

[ (a uy~bux) + (auv+bux)cos2(3j

~(aux-buy)sin2/3i]<0

where the functions a and b are given by

a = sinOd sin(<£-(^)

(7)

b - sin8d cos0 cos ( <f> - (j>d ) - sin0 cos6d (8)

The control law for U then follows immediately as

/= -sgn[(auy -bux) + (auy

— (aux —bUy)sin2(3,] (9)

The choice of a control relation for the plate rotation (3( is
still open. It must, however, be such that the system [Eqs. (3)
and (9)] possesses 0 = 0d, <j> = 4>d as its unique equilibrium
position. Singularities corresponding to £/=7r/2 may be
avoided by selecting a time-varying #/. Control relations of
the form ./3/=AY (A>constant) were considered and the
responses indicated the policy to be effective.

For some combinations of the system parameters, however,
the spin-axis came too close to the sun-line during the,attitude
maneuver and the controller became ineffective. This may be
avoided by governing the solar torque M such that it causes
the a_ngular momentum //to approach the state Hd along the
//, Hd plane. The controller would then always be successful
except when the sun-line makes a shallow angle with the //,
Hd plane. For ux>_uy< <ojz , this is achieved by maintaining
n-t normal to the k, kd plane which, in turn, requires /?/ to be
controlled as

! (b/a) (10)

Since H has been identified with k in the derivation of Eq.
(10), this is precisely the condition leading to a planar
precession of the spin-axis from the attitude k to kd. Hence,
it follows that during any specified attitude maneuver no
switch of the active control plate would be required, which is
desirable from a practical viewpoint. The control law [Eq.
(9)], however, is still necessary to determine the control sur-
face to be operated. With 0, given by Eq. (10), the control
relation for U reduces to

/=-sgn (a uy-bux) (11)
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Fig. 2 Typical attitude response and time-history of controls.

It is interesting to note that situations exist where Eq. (10)
leads to a constant value for the rotation /?,-. For example, if a
0-cpntrol is desired with </> = constant, the control plate simply
needs to be set at /3/ = 7r/2. The same holds good when the
desired spin-axis orientation is normal to the orbit plane (6d
= 0). A 0-control in the orbit plane (6 = ir/2) is similarly ac-
complished with the plate setting /?,- = 0.

Controller Performance
With the present control strategy, the angle of incidence £,-•

would be constant during the control process. This leads to a
constant radiation torque M (Eq. 1) causing a steady planar
precession of the spin-axis at the rate IMl//5co,. The time
required to drive the spacecraft spin-axis from any attitude 6,
0 to 6d, $d then becomes

tc=(Is^za/2ppAiei)(a2+b2)/(auy-bux)2 (12)

where a, the angle between the two orientations, is given by

sinOd +cos# cos0</ (13)

The control time depends, in addition to the satellite and
controller parameters, on the orbital inclination / and the ap-
parent position of the sun indicated by the solar aspect angle
a.

As an illustration, consider a satellite in the equatorial
plane (/ = 23.5 deg) with /5 = 10 Kg-m2,7,. = 8 kg-m2, co,=3
rpm, and the controller dimensions ,4, =0.6 m 2 , e/ = 3 m.
With the sun location at a = 45 deg, the time taken to align the
spin-axis from the orbit normal attitude 6 = 0 to the in-orbit-
plane orientation Bd = 7T/2, with the azimuth <t> = 60 deg, is ob-
tained as =4 days. This appears encouraging, as control times
of this order may be acceptable for long-life multiple-mission
spacecraft.

The elevation and azimuth response for the example
satellite, obtained by integrating Eqs. (3) in conjunction with
the control relations [Eqs. (10) and (11)], is shown in Fig. 2
for two different attitude maneuvers. For any other values of
satellite inertia, spin-rate, and controller dimensions, the
response would remain identical except for a change of time
scale proportional to the quantity ( / 5 w,M/e/ ) . The figure
also indicates the plate polarity U and the rotation /3/ as func-
tions of time. As mentioned earlier, no switch of the control
U is necessary for transition between any two specified orien-
tations. The residual spin-axis motion in the neighborhood of
the desired attitude was also found to be quite negligible.
This, of course, could have been anticipated in view of the
rather slow rate of forced precession.

In summary, the feasibility of using solar radiation pressure
to provide any inertially fixed orientation to the satellite spin-
axis is demonstrated. The controller imparts versatility to the
spacecraft, enabling it to undertake diverse missions. As no
mass expulsion schemes or active devices requiring large
power consumption are involved, the system is essentially
semipassive. This promises an increased satellite life-span.
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Techiical Commeiis
Spacecraft Radio -Occultation

Technique for the Study of
Planetary Atmospheres

VonR. Eshleman*
Stanford University, Stanford, Calif.

IN the 12th von Karman lecture,1 Schurmeier presents a
beautifully descriptive and inspiring account of this

nation's program of planetary exploration. I applaud the
total result, but wish to expand upon one point. On page 392
he notes that "A striking new technique...is radio oncultation
measurements of atmospheric density...conceived shortly
before the 1964 launch (of Mariner IV) by D.L. Cain of
JPL...". He then goes on to discuss other aspects of the ex-
periment and trajectory for the 1965 radio occultation
measurements of the atmosphere and ionosphere of Mars. I
believe that more should be said about this first demon-
stration involving radio occultation of planetary spacecraft,
and in particular about the origins of the concept.

A sequence of numerous meeting papers and discussions,
letters, proposals, and memos on the subject of "bistatic
radar astronomy" was begun by Stanford colleagues and
myself in 1960. This phrase was defined in terms of several
space radioscience experiments made possible by the use of
propagation between, two radio terminals, one on Earth and
one on a spacecraft near a planetary target One such ex-
periment is radio occultation for the study of planetary at-
mospheres and ionospheres. (This differs from earlier optical
and radio star occultation experiments in that it is based upon
the use of a point source of coherent radiation, so that signal
frequency as well as intensity is an observable.) For example,!
discussed this field at the June 1960 meeting at JPL on elec-
tromagnetic studies of the moon and planets, and introduced
the subject at the Space Science Summer Study of the
National Academy of Sciences held at the State University of
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Iowa in June-August 1962.2 Also in 1962, Gunnar Fjeldbo
began working on his Stanford PhD dissertation, which was
to include a very detailed analysis of the radio occultation
concept emphasizing the study of planetary ionospheres and
surfaces.3 That same year we initiated what became a con-
tinuing discussion with JPL and NASA representatives on the
subject of spacecraft trajectories designed for occultation ex-
periments, and work was started at Stanford on dual-
frequency equipment for such studies.

It appears that the statement by the author which is quoted
above must refer to the implementation of the experiment for
Mariner IV and not to the basic radio occultation concept. I
agree that Cain and his colleagues at JPL made original con-
tributions which were of fundamental importance for the con-
duct of this initial experiment. They conceived and developed
the technique that used the JPL coherent counted doppler
system to analyze the planetary atmosphere during an oc-
cultation. This technique enabled a direct determination of
the refractivity of the neutral atmosphere and it did not
require additional flight equipment, thus making an oc-
cultation experiment feasible on Mariner IV. However, with
reference to radio occultation as a method for the study of
planetary atmospheres and ionospheres, I would distinguish
conception of the method from conception of a technique for
implementing the method, with the former taking place
several years earlier.
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Errata
Estimation of Satellite Lifetime from

Orbital Failure Experience
D.A.Conrad

The Aerospace Corporation, ElSegundo, Calif.

[JSR, 13,75-81(1976)]

FIGURE 5 at the bottom of column one on page 79 was
improperly captioned. The correct caption is:

Fig. 5 Probability of launch for random truncation and random
failure rate factors.
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